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Orientation of particle attachment and local isotropy in 
diffusion limited aggregation (DLA) 
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f Department of Applied Physics, Hong Kong Polytechnic University, Hung Hom, 
Hong Kong 
$ Department of Maihematics, Yale University, Box 208283. New Haven, CT 06520-8283. 
USA 

Received 21 October 1994 

Abstract. We simulate 50 off-lattice diffusion limited aggregation (nu) clusters of one million 
particles each. The probability distribution of &e angle of attachment of arriving particles with 
respect to fhe local radial direction is obtained numerically. For increasing duster size N. the 
distribution crosses Over extremely accurately to a cosine with an amplitude which decreases 
towards zero as a power-law in N. From this specific viewpoint, asymptotidy large DLA 
clusters are locally,isatmpic. 

Diffusion limitid aggregation (DLA) [l] is a fractal growth model exhibiting great complexity 
[Z]. The properties of asymptotically large clusters are of fundamental importance. Some 
of these properties are independent of m h y  of the details of aggregation rules and are 
expected to be shared by large clusters grown in various experimental or natural situations. 
Efficient algorithms and improved computational facilities have enabled he generation of 
very large off-lattice clusters with more than 100 million particles [3]. However, many 
asymptotic propeaies of DLA are still unclear. There have been many debates ,on the basic 
issues, including.the scaling behaviour of large clusters and the multifractal properties of 
the growth probability measnre [Z]. 

This work concentrates on the local isotropy of large off-lattice DLA. Specifically, we 
investigate the orientation of particle attachment. For each new particle in the cluster, let 
R' and R be the position vectors of the new particle and. its parent respectively, relative 
to the centre of the cluster. The parent is the particle in the aggregate upon which the new 
attachment is made and we define the centre of the cluster to be at the seed. The vector 
R characterizes the local radial direction of this sticking event and T = R' - R defines 
the sticking direction. The angIe of attachment 8(-x < 8 < x )  is defined as the angle 
measured counter-clockwise from R to T.  When le[ < x /2  the attachment can be described 
as forward. We focus on the probability distribution P(8,  N) of 8, which in general depends 
on the number of particles N in the cluster. If the DLA were compact with a nearly circular 
boundary, the above definition would imply that 8 is always-close to zero and a backward 
attachment is geometrically impossible. The distribution P ( 0 ,  N )  should peak at 0 = 0. 
Although the DLA is far from being compact, at least for small clusters, forward attachment 
is favoured for similar geomehical reason: 
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We compute the distribution P ( 0 ,  N )  for N = 150xr, where k = 0 to 12 corresponding 
to N = 150 to 614400. For each k we form the histogram of the values of the sticking 
angle 8 for the (100 x ~k + 1)th to the (200 x 29th particles. Proper normalization gives 
P(0,  N )  and the symmetry P(0,  N )  = P(4, N )  is used. We averaged the results over 50 
clusters. The statistical error is estimated from the sample to sample fluctuations. 
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Figure 1. Probability distribution P i e .  N),of the angle of attachment e for different cluster sizes 
N. Also shown are one parameter cosine fits for the data at N = 9600,16 800 and 614400 and 
two parametem fits for N = 150 and 1200. 
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Figure 1 shows P ( 0 ,  N )  for five values of N .  We used 16 histogram bins. The error 
bars are smaller than the symbols except for N = 150. The errors are as small as about 0.2% 
at N = 614400 where our data are most accurate. For small N forward sticking dominates 
so that P(0,  N) peaks at B = 0 as expected; backward stickings are rare. The peak broadens 
as N increases. At N = 614400 the ratio P ( h ,  N ) / P ( O ,  N )  between perfectly backward 
and forward attachments becomes about 0.31. Figure 1 shows the least-squares fits to 

P(0 ,  N )  = 1/2n +~i(N)cos(8) (1) 

for the three larger values of N where 1/2r ensures normalization. At N = 614400 the 
quality of the fit is excellent. There is, apparently, no systematic deviation trend, as the data 
points scatter around the fitted curve by amounts comparable to the statistical errors. The 
fit is still good at N = 76 800, but at N = 9600 there are noticeable systematic deviations. 
A good fit is obtained if we take the first three terms of the cosine expansion: 

Figure 1 shows the two-parameter fits for N = 150 and 1200. More generally, we fitted 
our complete data set of P(0,  N )  with the first four cosine terms. Figure 2(u) shows the 
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Figure 2. AmpliNdes Q.(N) of the casine terms in the expansion of P(0. N) as a function of 
cluster sire N: (a) 01 and oq in a semi-log plot; (b) ni and (c) a2 in lag-log plots respectively. 

values of the amplitudes a,(N) in a semi-log plot. .We used histograms of 64 bins and the 
result agrees with those of 16 bins. .We~also computed a.(N) by Fourier transform and 
obtained the same results again. Figures 2(b) and (c) show, respectively, a l ( N )  and a l ( N )  
in log-log plots. The linearity at N 2 300 implies 

(3) 

for n = 1 and 2, where y< = 0.0997(3), AI =, 0.309(2), yz = 0.67(3) and A2 = 1.2(3). 
The bracketed values are the fitting errors. For n 2 3.the measured a,(N) is not precise 
enough for a test of the above algebraic decay. 

We also studied the closely related problem of the branch orientation of DLA. We adopt 
the Horton-Strahler scheme of branch ordering. The smallest branches without a side- 
branch are assigned order one and the main stems have the highest order. Other authors 
have used slightly different schemes f4.51 which should give similai results. From visual 
examinations of the branches shown in [4]; it is evident that those with the highest order 
are nearly radial and the directedness decreases far lower orders.' Quantitatively, 'we define 

. , .  
a.(N) N A,NP" 
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Figure 3. Probability distribution P(6.s) of the branch orientation angle 6 for branches of 
order I and fits with four cosine t e m .  

the branch orientation angle @ to be measured 'counter-clockwise from the position vector 
of the base of the branch to the branch orientation vector pointing from the base to the tip. 
Fi-we 3 plots the probability distribution P(@, s) of q5 for the branch orders = 1 to 5. The 
data were averaged over 50 clusters of one million particles each. The distribution P(@, s) 
can be approximated reasonably well by a cosine curve for n close to one. In the cosine 
expansion of P(@, s), the coefficient of the cos(@) term decreases rather quickly with s, 
while that of cos(2@) is negative and rising up towards zero. The coefficients as functions 
of s are not well described by simple functional forms. 

The local anisoeopy of DLA is far from being stabilized for clusters of size N 5 IO6. 
If we extrapolate equation (3) to N -+ 05 we would get limNdmP(6', N) = 1/2n, 
meaning that DLA is locally isotropic asymptotically. The reliability of this extrapolation 
deserves special attention due to its simplicity and excellent agreement with simulations 
for 300 5 N IO6.' At finite N,;the aniso?opy can quantitatively be expressed by the 
'proportion PF of forward sticking events given by Pp 2: 0.5 + 2al N--Y' from equation (1). 
For N '= IO3 to IO6, Pp decreases from 80% to 65%. The anisotropy is still strong. 
Achieving approximate isotropy with, for example, PF 5 55% requires N 2 10" ! 

The distribution P ( 4 . s )  for the branch orientation also tends to be flattened for 
decreasing s, which corresponds to a deeper level of side-branching. As the cluster size 
increases, the. branches for any fixed s correspond to increasingly deep side-branches, thus 
we expect P ( @ , s )  to converge to the constant I / ~ Z .  This asymptotic isotropy is closely 
related to that of the'sticking angle, since the manner in,which the particles stick directly 
determines the orientation of the branches. It may appear that the asymptotic local isotropy 
of attachment conkadicts the radial geometry of the first order (s = 1) branches. The 
resolution lies in the fact that ,the branch order is defined only @er growth is complete. 
The scheme of ordering is such that it effectively groups only the forwardly attached 
'particles selechely into the s = 1 branches. In fact, these main stems have asymptotically 
vanishing weight compared to the whole cluster and their anisotropy does not generalize to 
the distribution of all the attachment processes. 
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Similar asymptotic local isotropy applies to many other deterministic fractals. Take 
the Koch curve as an example. For the pre-fractal at early generations, the distribution of 
the orientation of the line segments is anisotropic and depends on the initial generator. 
For higher generations the orientation randomizes and local isotropy is approached 
asymptotically. 

In conclusion, we have demonstrated numerically that the structure of DLA is locally 
isotropic in asymptotically large clusters. The computation of the distribution of the angle 
of attachment is one of the most accurate non-trivial measurements ever done on DLA. The 
statistical errors of our data points are as~small as 0.2% at cluster size N = 614400.~ The 
excellent one parameter fit of the corresponding distribution to the very simple analytic 
form of a cosine is rare and deserves special attention. A similar approach may also he 
attempted for the dielectric breakdown model [2]. 

After this letter was written, Hegger and Grassberger [6] published very similar 
numerical measurements on the angle of attachment for diffusion limited deposition. Their 
result indicates the same asymptotic local isotropy and is in full agreement with ours. 
However, the functional form of the probability distribution of the angle was not examined. 
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